We determine the greatest lower bounds on the transverse Ricci curvature of compact toric Sasaki manifolds with positive basic first Chern class and with the first Chern class of the contact bundle being trivial. This is based on Wang-Zhu's and Futaki-Ono-Wang's works, and is an analogue of C. Li's work on toric Fano manifolds.
Introduction
In [S] Székelyhidi defines the following invariant R(X) := sup{t : ∃ a Kähler metric ω ∈ c 1 (X) such that Ric(ω) > tω} for a Fano manifold X. In [L] Li determines this invariant for any compact toric Fano manifold X, based on Wang and Zhu's seminal work [WZ] on the existence of Kähler-Ricci soliton on any compact toric Fano manifold. Note that recently Datar and Székelyhidi [DS] recover the main results in [WZ] and [L] among other things.
In this note we first define a invariant analogous to R(X) above for compact Sasaki manifolds with positive basic first Chern class and with the first Chern class of the contact bundle being trivial. Then, similarly to [L] , we determine the greatest lower bounds on the transverse Ricci curvature of compact toric Sasaki manifolds with positive basic first Chern class and with the first Chern class of the contact bundle being trivial, using and adapting Wang-Zhu's and Futaki-OnoWang's estimates in [WZ] and [FOW] .
As in for example [BGS] and [GZ] , for a compact Sasaki manifold S with Sasaki structure (ξ, η, Φ, g) we define the space dη φ . Now we turn to the toric Sasaki manifolds; see for example [MS06] , [MSY] and [FOW] . Recall (see for example [FOW] ) that a toric Sasaki manifold S is a (2m + 1)-dimensional Sasaki manifold with an effective action of a (m + 1)-dimensional torus G ∼ = T m+1 preserving the Sasaki structure (ξ, η, Φ, g) such that the Reeb field ξ is induced by an element of the Lie algebra g of G. Thus the metric cone (C(S),ḡ) = (R + × S, dr 2 + r 2 g) of a toric Sasaki manifold S is a toric Kähler manifold.
Let S be a (2m + 1)-dimensional compact toric Sasaki manifold. The moment map µ η : S → g * w.r.t. the contact form η is given by
where X S is the vector field on S induced by X ∈ g, i.e., X S (x) := d dt | t=0 exp(tX)·x. On the other hand, the complexification G c ∼ = (C * ) m+1 acts on C(S) by biholomorphic automorphisms, and the corresponding moment map µ : C(S) → g * w.r.t. the Kähler form ω = d( 1 2 r 2 η)(= dr 2 + r 2 g) (here the pull-back of η by the projection C(S) → S is still denoted by η) is given by
where X S is viewed as a vector field on C(S). We denote the image of µ by C(µ), which is a convex rational polyhedral cone. So there exist vectors λ a , a = 1, · · ·, d, in the integral lattice Z g :=Ker{exp : g → G} such that
We also denote the interior of C(µ) by IntC(µ). It is easy to see that the image
Now we assume further that the compact toric Sasaki manifold S has c (S) . Moreover, by [FOW, Proposition 6.7] , using transverse Kähler deformation if needed we may and will assume that the symplectic potential on C(S) is given by formula (42) in [FOW] . Then by [FOW] there exists a unique rational vector γ ∈ g * such that
Choose a m-dimensional subtorus H ⊂ G whose Lie algebra is
In particular, since γ, ξ = −(m + 1) ( [FOW, (49) ]), h does not contain ξ. (Here we have identified the Reeb field ξ with the element in g which induces it.) Let
where the X on the RHS of the equality is the vector field on
where ι : h → g is the inclusion map. (See [FOW] .) This image is a compact convex polyhedron. It is not necessarily rational, since the Sasaki structure on S may not be quasi-regular. (Compare [MS06] and [FOW] .)
m we introduce the affine logarithm coordinates
for a point (e
It is easy to see (cf . for example [FOW] ) that (after translation) the interior Int(Im(µ η,H )) can be identified with
We call the closure Σ the moment polytope of (Orb
It follows from Lemma 7.5 of [FOW] that the origin O of R m is contained in Σ. We observe that the barycenter P c of the moment polytope Σ corresponds to the Sasaki-Futaki invariant of S (for definition see [BGS] and [FOW] ), see Proposition 3.4. Theorem 1.1. Let (S, ξ, η, Φ, g) be a compact (2m + 1)-dimensional toric Sasaki manifold with positive basic first Chern class and with the first Chern class of the contact bundle being trivial. Assume that (m + 1)dη ∈ 2πc B 1 (S) and that the symplectic potential on C(S) is given by formula (42) in [FOW] . Choose H and p as above. If R(S) < 1, then P c = O and
where Q is the intersection of the ray
The bridge between R(S) and |OQ| |PcQ| is Aubin's continuity path for finding SasakiEinstein metrics. In Section 2, following [S] we show that on a (2m+1)-dimensional compact Sasaki manifold (S, ξ) (not necessarily toric) with positive basic first Chern class and with the first Chern class of the contact bundle being trivial, R(S) is equal to the maximum existence time of Aubin's continuity path for finding SasakiEinstein metrics on S. In Section 3 we use this continuity path to prove Theorem 1.1.
For the most part of the proof of Theorem 1.1 we follow the lines of [L] , using and/or adapting estimates from [FOW] and [WZ] . However, there is one point where our argument is slightly different from that in [L] : To prove the Claim 1 on p.4929 of [L] , Li uses the simple formula (2) on p. 4923 of [L] expressing the initial Kähler potentialũ 0 via the vertices of the moment polytope. In our case, such a simple expression for u 0 is not available in general (when the Sasaki structure is not quasi-regular). Instead we have the formula (81) on p. 621 of [FOW] for u 0 , which is somewhat difficult to treat with directly. The idea is to use the Legendre transform to convert the Kähler potential u 0 to the symplectic potential G 0 (v), and exploit the degenerate behavior of (Hess G 0 (v)) −1 near the boundary ∂Σ to prove a result similar to the Claim 1 in [L] . (Compare also [FOW] and [D] .)
The invariant R(S)
Let (S, ξ, η, Φ, g) be a (2m + 1)-dimensional compact (not necessarily toric) Sasaki manifold with positive basic first Chern class, with c 1 (D) = 0 (D = Ker η) and with (m + 1)dη ∈ 2πc B 1 (S). Define (cf. for example [FOW] , [GZ] , [Z11a] Let χ be a transverse Kähler form on S. We also define (cf. for example [VZ] ) the J χ functional on H via its variation
and the requirement J χ (0) = 0. Compare also [S] . Given ψ ∈ H, let h ψ be determined by
Aubin's continuity path for finding Sasaki-Einstein metrics is given by the following transverse Monge-Ampère equation for φ t ∈ H
The equation ( * ) t is equivalent to ρ T φt = (m + 1)(tdη φt + (1 − t)dη ψ ). When t = 0 the equation is solvable by the transverse Yau theorem in [E] .
Following [S] we call a functional F defined on the space H proper if there exist constants ǫ, C > 0 such that
Theorem 2.1. Let S be as above. The following are equivalent for 0 ≤ t < 1. 1) Given any ψ ∈ H the equation ( * ) t can be solved.
2) There exists ψ ∈ H such that ρ Proof The proof is along the lines of proof of Theorem 1 in [S] . We only indicate some necessary modifications. We use [JZ] and [vC] to replace [CT08] in the proof of Proposition 3 in [S] , and use [NS] to replace [BM87] in the proof of Lemma 5 in [S] . 
Let u be a solution to ( * * ) t , and [WZ] ) and O ∈ Σ (as observed in the Introduction), the strictly convex function w t is proper, and attains its minimum m t at a unique point x t ∈ R m .
Proposition 3.1. 1) There exists a constant C independent of t < R(S), such that |m t | ≤ C.
2) There exist κ > 0 and a constant C, both independent of t < R(S), such that
Proof The proof is the same as that of Proposition 2 in [L] , which uses arguments of [WZ, Lemma 3.2] and [D, Section 3.4, Proposition 1] . ✷ Proposition 3.2. Fix t 0 . There exists a constant C 1 such that |x t | ≤ C 1 for 0 ≤ t ≤ t 0 , where x t is the minimum point of w t = tu + (1 − t)u 0 with u being any solution to ( * * ) t if and only if there exists a constant C 2 such that |ϕ t | ≤ C 2 for 0 ≤ t ≤ t 0 , where u 0 + ϕ t is any solution to ( * * ) t .
Proof The proof is similar to that of [L, Proposition 3] with the help of Proposition 3.1, 1), [FOW, Proposition 7.3] and [Z11b, Theorem 1.1]. (Alternatively, one can also use Proposition 3.1, 2) and the argument in the last paragraph of Section 3 in [D] .) ✷ Proposition 3.3. If R(S) < 1, there exist a sequence {t k } and a point y ∞ ∈ ∂Σ, such that
Proof The result follows easily from Theorem 2.1, Proposition 3.2, the properness of u 0 and the compactness of Σ. ✷
, and λ ′ a ∈ h ∼ = R m is given by the decomposition
where λ a is as in the Introduction. W.l.o.g. we may assume that l
Note that we have
Since w t is a proper strictly convex function on R m , w t (x) → +∞ as |x| → ∞. So we have
(Compare also for example [D] .) It follows that when t < 1,
On the other hand,
where P c is the barycenter of Σ (as in the statement of Theorem 1.1). Thus as in [L] we get
∂ ∂w k , and θ X k be its Hamiltonian function (see p.597 and p.604 of [FOW] ), k = 1, · · ·, m. By [FOW, Lemma 7.4 
The following result is analogous to Mabuchi [M, Theorem 5.3] . Proof For k = 1, · · ·, m, we compute as in the proof of [FOW, Lemma 7.5 
Then the result follows. ✷ Clearly Theorem 1.1 follows from the following Proposition 3.5. Suppose R(S) < 1. Let Q := − R(S) 1−R (S) P c , then Q ∈ ∂Σ. More precisely Q lies on the same faces of Σ as the point y ∞ does, that is,
Proof. Using (3.3), (3.2) and (3.1) we get
Since R(S) < 1, we can let t → R(S) and get that
Now the rest of the arguments is almost the same as in the proof of Proposition 4 in [L] , using Proposition 3.1, 2), Proposition 3.3, with the the Claim 1 there replaced by the Claim below.
Claim (Compare p. 56 of [D] ) The derivative of the function s a (x) := log(l ′ a (Du 0 (x))) is bounded on R m . Proof of Claim. We compute
, where v = Du 0 (x), and G 0 (v) is the Legendre transform of the Kähler potential u 0 , and is the symplectic potential of the the Kähler manifold (Orb C (S) (H c , p) , (H c ,p) ). By computing the Hessian D 2 G 0 (v) using formula (82) of [FOW] one sees that as one approaches the (m−1)-dimensional face l ′ a (v) = 0 of Σ from the interior, the positive definite matrix (D 2 G 0 (v)) −1 will tend to be degenerate, and will acquire a kernel that is generated by the normal λ [A] .) So
can be extended to a continuous function on the closure Σ. ✷ Remark 1. The statement that R(S) < 1 implies that P c = O can also be proved as follows: If P c = O, then by Proposition 3.4 the Sasaki-Futaki invariant of S vanishes, and by [FOW] there is a Sasaki-Einstein metric on S, which implies R(S) = 1. So R(S) < 1 implies that P c = O.
Remark 2. In the proof of Proposition 4 in [L] , Li uses the fact that in his situation, P c = O implies R(X △ ) < 1, although he does not state it explicitly. This fact can be proved as follows: If P c = O, then by [M] the Futaki invariant of X △ does not vanish, and X △ cannot be K-semistable, so R(X) < 1 by Corollary 1.1 of [MS] .
In our situation, if P c = O, by Proposition 3.4, the Sasaki-Futaki invariant of S does not vanish. So by [BHLT] S can not be K-semistable. In a forthcoming paper [Hu] we'll show that for a (2m + 1)-dimensional compact (not necessarily toric) Sasaki manifold S with positive basic first Chern class and with c 1 (D) = 0 (D = Ker η), R(S) = 1 implies that S is K-semistable. (The proof is along the lines of [MS] , uses Sasaki-Ricci flow (cf. [C] , [H] ), and also uses [CS] , [JZ] and [vC] .) So in our toric Sasaki setting, P c = O also implies R(S) < 1.
